Solar sails are the spacecraft that are propelled by sunlight. The Institute of Space and Astronautical Science (ISAS) of Japan Aerospace Exploration Agency(JAXA) has studied the solar sails which are spinning and deployed by centrifugal force. One of the technological difficulties to be realized is how to design the spanned spinning solar sails to maintain the stability while those huge membranes unfurl with deformation and oscillation. In this paper, an attention is focused on the out-of-plane oscillation and an analysis is presented about the dynamics so that the characteristic parameters are identified as for the stability of those spinning solar sails. 
I. Introduction
olar sails are well known as a kind of propulsion means that propel taking the advantage of the photons momenta. This is one of the most expected propulsion system, and actively studied at several institutes these days [1] - [4] . Among several kinds of deployment methods, the spin-deployed configuration has been studied at the Institute of Space and Astronautical Science(ISAS), Japan Aerospace Exploration Agency (JAXA) [5] [6] .
The Spinning solar sail structure has a certain difference from other types of sails. It uses no rigid structure, such as a mast or a beam, to deploy and maintain the huge membrane material. Although this helps us design a lighter system, a specific difficulty is anticipated in its operation. While the spinning and oblate spacecraft with rigid
II. The membrane dynamics
In this section, the oscillation of a circular membrane is derived from the Newton's equations using the continuum model ( Fig.1) . The spacecraft dynamics with first-order mode is described in the following simplified form. First, the coordinate system of a spacecraft and a membrane is defined as in 
The radial and circumferential stress is represented as in the plane-stress problem, which is given as follows: 
By excluding high-order modes, the homogeneous solution of (1) (1 ) (1 )( ) 0
result.
III. Stability of Solar Sail Structure
In this section, the dynamics of the total system is described through the Euler's equations using the coordinate system fixedly defined on the membrane. And the characteristic parameters for the system stability are identified.
The total angular momentum in membrane fixed coordinate system is written
Here, both M ω and S ω are expressed in the membrane-fixed coordinate system. Since the total angular momentum is conserved, The Laplace transform of the equation (6) and (8) are written as follows:
We can, assuming 0 K ≈ , derive the characteristic equation for (9) as follows: (10) In order for the system, to be stable, it is necessary that all coefficients of the terms in the characteristic equation (10) are positive. This condition yields 2 6  5  2 2  2  2  2  4  2  2  2  3   2  2  2  2  2  2  2  4  6 
Note this is a generalized stability criterion that may apply even for rigid spacecraft. When S M Ω =Ω and no membrane is attached to, the result coincides with the well-known criteria for dual spinners. Equation (11) shows that the attitude is stable, under the condition that the membrane size is large enough or the radius of the attached point a r is enough large to satisfy (11). This should be confirmed with the numerical simulations.
IV. Reduced Stability Index and Sample Control compensation Strategy for Stabilization
The primary concern of this study is first of all to have stability index for particular cases and how to design the stable spinning solar sail. The main interest is whether some control strategy can be obtained, when the system is passively unstable. Here, we focus on the practical two cases; S M Ω =Ω and S Ω = 0 .
) The case
This condition means that the sails are connected tightly to the spacecraft, and spinning at the same rate. In this case, the criterion is accordingly written as below:
On the other hand, considering the spacecraft with totally rigid membrane, the well-known criterion for a disk written by (13) holds. Eq. (13) 2) The case S Ω = 0
This condition indicates a practical case where the spacecraft keeps its attitude fixed in the inertial coordinate. This occurs in case the direction of solar panel is pointed to the sun or the antenna to the earth. To meet this demand, the spacecraft spin rate should remain zero. The membrane rotates around the core spacecraft, and it receives no torque about the spin axis from the membrane. A stability criterion for this case is:
In case S M Ω =Ω , where the energy dissipation takes place is of no importance. However in this case, the place plays an important role in stabilization. For a dual spin spacecraft composed of a rotor R and a platform P with the dissipater on the rotor, both relatively rotating, the stability is determined as follows: 
Compared Eq. (17) with (14), it is found that the membrane flexibility is expressed by M I . Note that in the case of dual spinner, the stability condition is dependent on the place energy dissipation that takes place. The discriminant (15) derives from the condition that energy dissipation mechanism exists only in the rotor. Equation (11) , the stability index σ Eq.(14) becomes zero. This indicates an important suggestion. The stability of the solar sail is not guaranteed when the attachment point is extremely smaller than the size of membrane. So some control for stabilization need to be implemented.
Here, a sample control compensation strategy by a zero-momentum wheel is implemented. This wheel drives with the torque written as follows.
where w h is the angular moment of the wheel, and ε is a positive coefficient. In this situation, the system dynamics is expresses by following equations. 
where k is a certain positive coefficient which derives from ε . The characteristic equation of (18) is written below:
All the coefficients except those of 3 s and s are positive. In view of 3 s and s , it is found that if k takes enough large to compensate for c , those take positive too. It the damping on the spacecraft must be larger than that on the membrane, the spacecraft is stabilized well.
The torque in the above control strategy is realized by some device like a wheel. Here, another certain suitable control with a passive damping structure between the spacecraft and the membrane is implemented. With a certain positive constant q , the equation of motion of the membrane (6) leads:
The Laplace transform of the equation (6) and (8) are written as follows: 
In order for the system, to be stable, it is necessary that all coefficients of the terms in the characteristic equation (22) To constrict the torque of the zero-momentum wheel above, this passive damper should be implemented. When both of these control strategies are simultaneously implemented, the system dynamics is written as follows: (24) The characteristic equation of the Eq. (24) is written below.
All the coefficients except those of s are positive. In view of s , it is found that if the following condition is satisfied, the system become stable. 2 6  5  2  2  2  2  4   2  2  2  3   2  2  2  2  2  2  2   4  4  2 (1 )(
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III) S Ω = 0
The spacecraft spin rate is zero. In this case, core body does not contribute to the stability. If the criterion (11) is met, there is some large b r which makes the eigenvales take negative real part. And the critical b r exists and must make σ larger than one. In the Table 3 , such b r is actually exists. Furthermore when σ is larger than 1.0, all the eigenvalues have negative real parts. And when σ becomes smaller than 1.0, the eigenvalue #3 has positive real part, too. In this table, K is not zero, and σ correctly indicates the sign of eigenvalues. Thus these results support the criterion (11).
VI. Numerical Simulations to validate the criterion
In the section III, it was shown that the stability of the simple sail system is represented by only four characteristic parameters , I I . In this section, some numerical simulations are performed to verify the criterion (11). Equation (11) shows that the attitude is stable, under the condition that the membrane size or its mass or the radius of the attached point a r is enough large to satisfy (11). This should be confirmed with the numerical simulations. The membrane is represented as a series of particles. A whole membrane shape here is a regular polygon, and the particles are distributed so as to make all the elements formed by the congruent triangles (Fig 2) . These particles are connected with each other and attached to the spacecraft via strings and dampers. The spring constant is chosen such that strain energy of the multi-particle model and strain energy of the real membrane coincide with each other.
1) The case S M Ω =Ω
As it is mentioned before, this condition means that the sails are connected tightly to the spacecraft, and spinning at the same rate. Here, both the spacecraft and the membrane structure have dissipation mechanism. The spacecraft has a wheel damper whose axis of revolution is aligned with the Sx axis, and the membrane has also damping between all the particles connected. The initial conditions are taken:
<Simulation Results>
The simulations for subsequent two cases were performed under the condition that / 0.5 s t I I = whose shape of the membrane is a hexagon with 6 particles. Note that the core spacecraft has unstable property because / 0.5 s t I I = . I I r r = = ) (Fig. 4) The left side figure shows a nutation angle of the spacecraft in time domain. And the right side figure shows the total energy, which is the sum of the spacecraft rotation energy, the particle kinetic energy, and the strain energy of all springs. A nutation angle is slowly decreasing toward zero, and the total energy is dissipated. This figure means that the spacecraft is stabilized by the spinning membrane. Note that σ is larger than 1.0 here. I I r r = = ) (Fig. 5) A nutation angle increases in time domain, while the total energy is dissipated. This figure shows that small membrane cannot stabilize the spacecraft system well. Note that σ is smaller than 1.0 here. (Table 4 .1). The number shown in the table is a critical value of the minimum σ , over which the spacecraft becomes stable. Here, two numbers are defined as follows; the polygon-type number and the hoop number, which respectively means the number of circumferential division and the radial division (Table 7) . For instance, the polygon-type number 6 means a hexagon, and hoop number 3 means that the membrane has 2 divisions in radial direction. The large polygon-type number means more fine approximation to a circle, and the large hoop number means a large number of particles incorporated in radial direction, constituting a fine model of a membrane. The following simulations were performed for the conditions below: Table 4 .1 shows the critical σ for several polygon types and hoop numbers. It is found that the large polygon number makes critical σ close to 1.0, but the large hoop number makes critical σ apart from 1.0. With the dodecagon (12) of hoop number 12, the critical σ equals 1.0. This means that the polygon number (12) well represents the sinusoidal mode in the circumferential direction. It is examined in the later paragraph why σ becomes larger than 1.0, when the hoop number becomes large. Table 4 .2 shows σ and it is found that σ is much more close to 1.0 than σ results. As it is indicated before, the value σ means the stability index for the rigid body with a membrane, and σ means the stability index if the membrane has is rigid. It is found thatσ is more valid index thanσ in the case of a body with flexible membrane.
Tables 5 shows σ for several Is/It and hoop numbers. Here the polygon-type is fixed as a dodecagon 12. It should be noted that in the case spacecraft core is stable (Is/It >1), the spacecraft attitude is always stable. In other words, the stable body is not affected by the membrane oscillation. The results shows that σ is still a good stability indicator. Table 6 shows σ for several a r . As it was shown before, the mode expressed by Eq. (4) r becomes large when a r becomes small. In an extreme case, a r is infinite when a r become close to zero. In this case, the stability property of the spacecraft Is/It >1 is demanded for stability. This results consistent with the discussion in the section IV case 1.
To investigate the reason why the large hoop numbers makes relatively unstable in Table 4 .1 and 5, the presumed oscillation mode in the section (III) must be remembered. The assumed mode in analytical study in Eq. (4) has only 1 st order in the radial direction. When the hoop number is equal to one, the radial oscillation mode is linear, and it expresses the 1 st mode. However, when the hoop number becomes larger than one, the particles are not placed on a line, and they demonstrate higher modes. The higher mode oscillation makes the spacecraft more unstable. In this Table 4 .1, the critical index σ will be still 1.0 for infinite polygon and hoop numbers. In Table 5 , the same discussion holds and ultimate index will be 1.0, too. 2) The case S Ω = 0
In the section IV, this condition indicates a practical case where the spacecraft keeps its attitude fixed in the inertial coordinate. Note that the criterion (14) derives from the condition that energy dissipation takes place only in the membrane. So the wheel damper in the spacecraft should be removed in the current simulation. The initial condition assumed is as follows: Figure 10 and 12 show the eigenvalues in complex plane for the cases in Fig. 9 and 11 relatively. The membrane shapes of these cases are taken hexagon. The trajectories are drawn with non-dimensional viscous damping factor varied from 0 to 1. These eigenvalues derive from Eq. (9) and only three eigenvalues, whose imaginary parts are positive are drawn in the picture, named #1, #2, and #3. The eigenvalue #3 in the case σ =0.55 has a positive real part, and all the eigenvalues in the case σ =1.65 have negative real part. r r fixed to 15.0, too. In these cases, σ =0.55 and the eigenvalues of this system are drawn as appeared in Fig 10. Figure 13 shows that the large hoop number makes the spacecraft attitude more unstable. This is because that the large hoop number may express higher oscillation modes, as discussed in the former section. The higher mode oscillation makes the spacecraft more unstable.
These figures in the case S Ω = 0 show that σ still comprehensively represents the index for stability for the stator spacecraft with spinning membrane. 
VII. Conclusion
I) First, here is derived the stability criterion of the simple continuum model of the solar sail-craft carrying a huge membrane. Second, when the spacecraft spin rate and that of the membrane are not identical, this criterion has an expanded form of a general dual spinners stability criterion. This discriminant shows that the stability of spinning solar sail decreases, compared with the case that both the spacecraft and membrane are completely rigid. This stability condition is derived by clarifying the simple oscillation modes. II) The next point is important from the design point of view. If the radius of the attachment point of the membrane is small enough compared with the radius of the membrane, the following points are concluded from the criterion. The core spacecraft stability is a little compensated with a membrane.
Case 1: The spacecraft spin rate and that of the membrane are identical.
For the solar sail stability, the spacecraft moment of inertia ratio should be larger than one. Case 2: The spacecraft core spin rate is zero.
The solar sail shows instability. Some control strategy must be prepared for stabilization. So a simple control example for stabilization is demonstrated.
III) And last, the criterion was verified by numerical simulations, because the discriminant derived from some assumptions such that the oscillation mode is represented by low-order modes. The model of membrane is multiparticle structure. The simulations were conducted for only two cases, and the validation of the criteria used was successful.
Here are provided a stability index and a design guideline for the spinning solar sail-craft with a huge and highly flexible membrane structure.
